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Sparse Matrix-Dense Vector 

Multiplication (SpMV)

Applications:

Å Iterative methods for solving linear systems: Krylov
subspace methods based on Lanczos biorthogonalization:

Biconjugate gradients (BCG) & quasi-minimal residual (QMR)

Å Graph analysis: Betweenness centrality computation

y A xy ATx

A is an n-by-n sparse matrix with nnz << n2  nonzeros
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The Landscape: 

Where does our work fit?

Equally fast  

y=Ax and y=ATx 

(simultaneously)

Plenty of parallelism 

(for any nonzero distribution)

Hardware specific 

optimizations 

(prefetching, TLB 

blocking, vectorization)

Matrix specific optimizations 

(permutations, index/value 

compression, register blocking) 

This is our plane 
of focus !

Our

Contribution
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Theoretical and Experimental:

Main Results

Our parallel algorithms for y Ax and y ATx using the

new compressed sparse blocks (CSB) layout has

Å span, and work, 

Å yielding parallelism.)lg/( nnnnzQ

)(nnzQ)lg( nnQ
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Compressed Sparse Rows (CSR):

A Standard Layout

Å Stores entries in row-major order

Å Uses bits of index data.

Å Reading rows in parallel is easy, but columns is hard.

Row pointers

data

8
10

2 3colind
n×n matrix with 
nnz nonzeroes

n

0 2 3 4 0 1 5 7 3 4 5 4 5 6 7

0
4

11
12
13
16
17

Dense collection of ñsparse rowsò

n nnznnzn lglg +
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Parallelizing SpMV_T is hard using

the standard CSR format

CSR_SPMV_T(A,x,y )

for i ă0 to n - 1

do for kăA.rowptr [ i ] to A.rowptr [i+1] - 1

do y[ A.colind [k]] ă y[ A.colind [k]] + A.data [k]āx[i ]

1. Parallelize the outer loop? 

× Race conditions on vector y. 

a. Locking on y is not scalable.

b. Using p copies of y is work-inefficient 

2. Parallelize the inner loop? 

× Span is          , 

thus parallelism at most

)(nQ

)/( nnnzO

y AT x
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Compressed Sparse Blocks 

(CSB)

Å Store blocks in row-major order (*)

Å Store entries within block in Z-morton order (*)

Å For            , matches CSR on storage.

Reading blockrows or blockcolumns in parallel is now easy.

n×n matrix with 
nnz nonzeroes,

in Ǿ×Ǿblocksasd

n

Ǿ =4

0,0 0,1

1,0 1,1

0,0
0,1
1,0
1,1

Block pointer

data

0 1 1 0 0 2 2 3 0 1 1 0 1 2 2 2 3rowind

0 0 1 2 3 2 3 3 0 1 3 0 1 0 1 2 3colind

Dense collection of ñsparse blocksò

n=b
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CSB Matrix-Vector Multiplication

Our algorithm uses three levels of 
parallelism=

1) Multiply each blockrow in 
parallel, each writing to a disjoint 
output subvector .

=

2) If a blockrow is òdense,ó parallelize 
the blockrow multiplication. = +

3) If a single block is dense, parallelize the 
block multiplication. =
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= = =

= +

recurse in parallel

then sum results

n=b

Blockrow-Vector Multiplication

Å Divide-and-conquer based on the nonzero count, not spatial. 

Å Allocation & accumulation costs of temporary vectors are amortized.

Å Lemma: For           , our parallel blockrow-vector 
multiplication has work         and span on a    
blockrow containing nonzeroes. 

Until things b¢nnz

b²r
nonzeros

n=b

n³b
b²r

)lg( nnO)(rQ
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Block-Vector Multiplication

Å With Z-morton ordering, spatial division to quadrants takes                
time on a                  (sub)block using three binary searches                

Å Lemma: For              , our parallel block-vector multiplication has 
work and span on a block with r nonzeroes.

For any (sub)block, first 

perform A00 and A11 in 

parallel; then A01 and 

A10 in parallel.

dimdim³
dimlg

n=b
)(rQ )( nO

Updates on y are 

race-free

A00 A01

A10 A11



11

Block-Vector Multiplication

Å With Z-morton ordering, spatial division to quadrants takes                
time on a                  (sub)block using three binary searches                

Å Lemma: For              , our parallel block-vector multiplication has 
work and span on a block with r nonzeroes.

dimdim³
dimlg

n=b
)(rQ )( nO

Updates on y are 

race-free

For any (sub)block, first 

perform A00 and A11 in 

parallel; then A01 and 

A10 in parallel.

A00 A01

A10 A11



12
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Main Theorem and 

The Choice of ɓ
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Theorem: Our parallel matrix -vector multiplication has 
work                         and span , yielding 
on an CSB matrix containing nonzeroes.

Sensitivity to ɓin theory Sensitivity to ɓin practice

( ) )lg( bbb nnO +)( 22 nnznO +b

For            ,this yields a parallelism of  

On our test matrices, parallelism ranges from 186 to 3498

n=b )lg/( nnnnzQ

nn³ nnnz²

n=b




